Abstract-Microbial fuel cells (MFCs) are novel devices capable of producing electricity while cleaning wastewater. Developing dynamic control-oriented models for such systems represents a crucial tool for the future design of software sensors and model-based control strategies. To this end, this work presents a MFC process control-oriented model obtained by combining fundamental equations based on mass and electron balances with equations describing an equivalent electrical circuit. Such model accounts for the double layer capacitance effect and complex nonlinear dynamics observed during pulsewidth modulated operation of the external resistance and therefore, it is able to describe the observed biological or longterm dynamics as well as the electrical or short-term dynamics. The parameter estimation for a simulation and a prediction MFC process control-oriented model is here described.
I. INTRODUCTION
MFCs are devices consisting of two electrodes connected by an external circuit. The main difference with respect to conventional fuel cells, is that the anode houses a biofilm formed by exoelectricigenic bacteria able to externally release electrons and protons from the oxidation of organic matter. The presence of an electrical potential difference makes the resulting electrons to be transferred to the anode surface from where they flow through the external circuit to the cathode. Simultaneously, protons migrate to the cathode crossing the electrolyte and reaching the electrons at the cathode surface where oxygen is reduced to form water [1] .
Such novel technology might one day fit into future scenarios of renewable energy supply, where forecasts indicate an increase of more than 33% in the world energy demand and a rise of 85% in water consumption by 2035 [2] . The need of cleaning wastewater while being able to recover electrical energy, instead of consuming it, foretells a very good application opportunity for MFCs [3] . Nevertheless, monitoring and control strategies of MFC operation are at the very early stages of development. Consequently, dynamic models represent a useful tool not only in portraying unsteady-state behavior and understanding fundamental properties of MFCs but also for the development of software sensors and the design of model-based process control strategies [4] .
Recently developed bioelectrochemical models are able to adequately describe long-term behavior (hours to days) of MFCs operated with a fixed external resistance [5] . Some models consider a single microbial population without 1 [6] , [7] , [8] , others consider several microbial populations while assuming biofilm formation [9] , others directly describe MFCs as a one-dimensional conductive matrix [10] and, finally, the more complex dynamic models are able to describe the evolution in time and in space of important variables such as current, charge, voltage, power and consumption of substrates (carbon sources) for several microbial populations [11] , adapted to microbial populations present during the degradation of wastewater [12] or even including pH calculations [13] . These models, however, do not account for the double layer capacitance effect and complex non-linear dynamics observed in most recent experiments, in particular tests involving pulse-width modulated connection of the external resistance (electrical load) [14] , [15] , [16] . Furthermore, the higher the complexity of the models, the more unsuitable they become for process control and parameter estimation.
II. MODEL FORMULATION AND STRUCTURE
This work considers a MFC model obtained by merging fundamental equations based on mass and electron balances with equations describing an equivalent electrical circuit representing the double layer capacitance effect. Thus, the substrate in the reactor (1) is consumed by two microbial populations, exoelectricigenic bacteria (2) and methanogenic archaea (3), with kinetics governed by double and simple Monod terms (6)- (9) . Anodic biofilm formation and retention is accounted for by limiting the maximum attainable concentration of the microorganisms (10) . Direct contact, nanowires or a mediator-based electron transfer mechanism from the carbon source (acetate) are assumed and the electron transfer by the exoelectricigenic bacteria is considered to involve the oxidized and reduced forms of an intracellular mediator, e.g. NADH/NAD + (4) & (11) . The dilution rate is defined as in (12) . Concerning the cathode, a non-limiting reaction rate is assumed. Additionally, the MFC model considers the double layer capacitance, which is assumed to be related to the accumulation of biomass at the electrode and is described by its corresponding capacitor dynamic equation (5) incorporated into the electrochemical balance (13) . Concentration loses are also considered (14) and an empirical equation expresses the open circuit voltage (15) . In slow discharge applications, the double layer capacitance effect can be adequately described using a classical equivalent circuit composed of a capacitance (C), an equivalent parallel resistance (R 2 ), and an equivalent series resistance (R 1 ). Consequently, an empirical expression for the capacitance (16) is added and the total internal resistance (17) is split into the internal resistance 1 (18) and 2 (19). These two components, are assumed to reflect the ohmic and activation losses, respectively. The proposed model is capable of describing both fast (milliseconds) and slow (hours to days) dynamic behavior observed in MFCs.
Mass balances and potential at the capacitor are described by the following equations:
Kinetic dependencies are defined as follows:
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State variables, inputs and outputs of the MFC model and the estimated parameters are summarized in table I. For the sake of simplicity, only the parameters that were estimated in this paper are shown in table I. All the other parameters that appear in the equations with their description and respective numerical values can be found in a previous work [9] . Intrinsically, the model is formed by a set of fundamental equations (1)- (14) and a set of empirical equations (15)-(19). Two sets of experimental data were used for the offline estimation of the parameters, one set of data obtained during MFC operation with the pulse-width modulation of the external load, which considers F in , S in and R ext as inputs and V cell and S out = S as measured outputs [15] , and another set of data obtained from an online monitoring procedure [16] MFC simulation model either as a simulation model where all equations are used or as a prediction model where the empirical equations can be replaced by the online measurements as shown in figure
III. MATERIALS AND METHODS

A. MFC Design and Operation
Experiments were conducted in a membrane-less aircathode MFC with an anodic compartment volume of 50 mL separated from the cathode by a nylon cloth. The MFC housed two anodes made of a 10 mm thick carbon felt and two cathodes made of a magnesium-based catalyzed carbon E4 air cathode. Temperature was kept constant at 25 • C and the desired input substrate concentration was obtained by changing the infusion rate of an acetate stock solution. Hydraulic retention time was kept around 7.5 h and the input acetate concentration was varied from substrate deplete conditions at 400 mg L −1 to substrate replete conditions at 1 700 mg L −1 . A more detailed description of the MFC design and experimental setup, stock solution composition and operating conditions can be found elsewhere [15] .
B. Numerical Methods and Calculations
Assuming a general expression of the dynamic model with the state equation (23) and the output equation (24),
where t is the time, x the state variables, u the inputs, y the outputs and θ the parameters. In order to evaluate which parameters have more influence on the outputs of the model, the normalized sensitivity functions of the outputs with respect to each parameter,s, were calculated as [17] d dt
∂ȳ ∂θ
The correlation between the sensitivity of the selected parameters was evaluated with the Pearson's linear correlation coefficient obtained with the corr function in Matlab's Statistics Toolbox TM and the magnitude of the effect of any parameter with respect to a given output was calculated as the norm of its normalized sensitivity function. The ellipses of confidence were drawn by means of the covariance matrix, the inverse of the Fisher information matrix expressed as
whereS = [s 1 , ...,s p ] is the sensitivity matrix for each output and Σ is the matrix containing the scaling factors 1/σ 2 for each output. σ 2 was considered to be the mean squared error (MSE) for each output as in (28). For the optimization problem, the objective function was formed by adding the MSE of each output as
withȳ exp i, j andȳ sim i, j the normalized experimental and modeled output i at the jth sampling time and n the number of measurements. None of the outputs was prioritized in front of the others. The objective function was minimized using the f minsearch subroutine of the Matlab Optimization Toolbox. The model equations were integrated in Matlab using a variable order integration method for stiff differential equations, the ode15s.
Additionally, this work benefits from extra data obtained from an online monitoring procedure capable of estimating the electrical variables. Following the dynamic equivalent circuit presented in [15] , the work in [16] developed an online parameter identification method at low (0.05Hz) and high frequencies (100Hz) of the external load operation showing good capability for simulating short term dynamics. Basically, the online parameter estimation used the analytical solution of the dynamic equation at the capacitor to estimate: (i) the internal resistance R 1 related to the ohmic loses at high frequencies when the voltage at the capacitor can be assumed constant; (ii) a pseudo open circuit voltage, E OC after a minute of open circuit; (iii) the internal resistance R 2 related to the activation loses at low frequency operation when the MFC output voltage remained at a pseudo steady-state of the final voltage (after 48 seconds of closed connection); (iv) the time constant to achieve a 63% of the voltage variation; and finally, (v) the capacitance C which was derived from the time constant.
IV. RESULTS AND DISCUSSION
A. Sensitivity Profiles
An indication for parameter selection is based on the local sensitivity analysis given by the sensitivity profiles. The magnitude and the uncorrelated effect of the parameters on the model outputs was evaluated to select parameters for the estimation procedure. Figure 2 shows the sensitivity profiles for the selected parameters. The sensitivity profiles were obtained using the same inputs as those for the experimental data shown in later sections. Thus, the input flow rate, F in , was kept such that the hydraulic retention time within the MFC was about 7.5h, the external resistance, R ext , was changed in a pulse-width modulated operation with a minimal value of about 12Ω and the input substrate concentration was changed step-wise as shown in figure 2 . Four parameters were selected to be estimated, namely two from the fundamental equations, Y and q max,e and two from the empirical equations, K r and K x . The magnitude of the effect of those four parameters was, respectively, 2.58 10 −1 , 1.67, 2.89 10 −3 and 1.36 10 −1 for the output substrate concentration and 14.4, 9.08, 9.33 and 1819 for the output voltage. Thus, q max,e affected the most the output substrate concentration while K x affected the most the output voltage. All the parameters are highly correlated, with the lowest Pearson's correlation coefficient in absolute terms at 6.77 10 −1 for the couple Y -q max,e in the case of the output voltage.
It should also be mentioned that the operating conditions of the MFC were designed to improve the electricity production, thus the methanogenic bacteria concentration was negligible during the tests. Accordingly, all the parameters related to the methanogenic population showed little effect on the outputs. Their values were taken from previous experiences were methane production was not negligible [9] . Any other parameters remaining were not considered because either they presented negligible magnitude effects on the outputs or their value could be assumed and did not need to be estimated. This was the case of the electrical parameters in the empirical equations as explained in the next section.
B. MFC Simulation Model
In the case of a simulation model all the equations were taken into consideration for the parameter estimation. The estimated values for Y , q max,e , K r and K x were, respectively, 37.7, 6.61, 2.45 10 −2 and 5.29 10 −3 . With a 95% confidence level, the intervals of confidence found for these parameters were 4.05 %, 5.98 %, 7.70 % and 9.11 %, respectively. Figure 3 shows the 95% confidence ellipses for the estimated parameters. Remark the dependence between the parameters as all the ellipses are located at a certain angle with respect to the axis. Also remark that such values of confidence are acceptable considering the complex microbial dynamics described by the relatively simple MFC model.
Long and short-term simulation results are shown in figures 4 and 5. Since the understanding of the relation between the electrical variables, especially the internal resistance, is still very limited, there are certain dynamics in the long term that can not be accurately described by the simulation model, e.g. around t = 60 days, which would require more research. Nevertheless, as it can be observed, the MFC simulation model is an interesting tool able to describe the trends in the long and short-term dynamics.
Another important remark is that the rest of the parameters from the empirical equations (15) parameters R max , R min1 and R min2 from equations (18) and (19) were set, respectively, to 2 000 Ω, 1.17 Ω and 5.13 Ω. Parameters E max , E min from equation (15) were set, respectively, to 0.51 V and 0.01 V. Finally, parameters C max and C min from equation (16) were set, respectively, to 0.95 F and 0.01 F. Just comment the large value for the capacitance which is was estimated online from the analytical solution of the equivalent circuit. The authors do not intent to asses the reason for the high values of capacitance in this paper but rather to simply use them for the parameter estimation at hand.
C. MFC Prediction Model
The prediction model treats the values obtained from the online estimation procedure as additional inputs. Therefore, only two parameters need to be estimated in this case, Y and q max,e . Their values were estimated to be 41.1 and 9.49 and the 95 % intervals of confidence found for these parameters were 0.39 % and 10.2 %, respectively. As observed, the parameters obtained for Y and q max,e fit the long-term experimental data measured for the output voltage and output substrate concentration with an error that can be considered negligible. Concerning the shortterm profile, for a reason that needs still to be further investigated, the online estimation procedure is not accurate enough at calculating the capacitance value at low input substrate concentrations. Consequently, the prediction model is more accurate for nominal to higher values of S in .
V. CONCLUSIONS AND FUTURE WORK
This work presents a parameter estimation procedure of a control-oriented MFC model. Two scenarios were considered. The prediction model used online voltage measurements to estimate electrical variables (E OC , C and R int ), while the simulation model required all parameters to be estimated off-line. Although the prediction model presents the best fit, the simulation results can be assumed acceptable considering the bioelectrochemical nature of the system. The proposed MFC model is capable of describing both fast (milliseconds) and slow (hours and days) dynamic behavior observed in MFCs, while also being able to adequately describe the output substrate concentration profile. Since online measurements of the output substrate concentration are typically unavailable, this model presents a step forward in developing software sensors for online MFC monitoring as well as for developing model-based process control strategies. Further work to improve the model would include enhanced modeling of the electrical variables such as internal resistance, which plays a major role in MFC performance.
